Self-excited oscillations arise during flow through a pressurized segment of collapsible tube, for a range of values of the time-independent controlling pressures. They come about either because there is an (unstable) steady flow corresponding to these pressures, or because no steady flow exists. We investigate the existence of steady flow in a one-dimensional collapsible-tube model, which takes account of both longitudinal tension and jet energy loss E downstream of the narrowest point. For a given tube, the governing parameters are flow-rate Q, and transmural pressure P a t the downstream end of the collapsible segment. If E = 0, there exists a range of (Q, P)-values for which no solutions exist ; when E + 0 a solution is always found. For the case E =I= 0, predictions are made of pressure drop along the collapsible tube; these solutions are compared with experiment.
Introduction
Elastic tubes can collapse if the external pressure is high enough compared with the internal, and when a tube is collapsing it becomes so compliant that hydrodynamic pressure changes associated with flow through it can be large enough to influence the collapse process strongly. Such coupling of fluid flow through an elastic tube with collapse of the tube arises in a number of physiological and mechanical contexts (Shapiro 1977 a) . Laboratory experiments designed to examine the detailed mechanics or steady behaviour of slowly varying flow through finite lengths of collapsible tube, supported at each end (figure i), are almost invariably complicated by the development of self-excited oscillations in cross-sectional area, outflow rate and pressure drop, and the investigation of such oscillations has led to a variety of different theoretical models and assertions concerning the physical mechanisms involved (see Cancelli & Pedley 1985 for a brief survey and a long, but by no means complete, list of pertinent references). One difficulty is that there are several possible mechanisms, any one, or more than one, of which may be important in a given experiment, and very few of the early experimentalists recorded enough of the relevant quantitative details for a critical test of any particular model to be made. In the last few years, however, a new series of very careful experiments has been performed by Bertram (1982 Bertram ( , 1986 Bertram ( , 1987 who, with all the different models in mind, has endeavoured to measure every one of the potentially relevant parameters. Furthermore, in the course of these experiments, he has discovered a wide variety of oscillatory behaviour in a fairly limited region of parameter space, and has been able to map out many of the transitions between them (see Bertram, Raymond & Pedley 1989) . This suggests that the finite, externally pressurized collapsible tube with fluid flow through it should be thought of as a dynamical system with a rich bifurcation structure, and provides a strong incentive to develop a good theoretical description of it.
The model
The steady one-dimensional model developed below is based on that developed by Cancelli & Pedley (1985) . The quantities 2 (tube cross-sectional area), ti (crosssectionally averaged fluid velocity) and j3 (internal pressure) are taken to be timeindependent functions of the longitudinal coordinate Z. It is assumed that there are no transverse variations in u or fi, (which is more accurate for the time mean of turbulent flow than for laminar flow), except where flow separation takes place. The fluid is assumed incompressible, and has density p.
Flow equations
Since mass is conserved, the volume flux
The form of the equation of motion will depend on the mechanisms of energy loss. There are two such mechanisms in the flow through a collapsible tube, arising either from frictional forces between the fluid and the tube wall or from viscous dissipation in the region of separated flow downstream of a constriction in the tube. As Cancelli & Pedley noted, the effect of friction is generally negligible in comparison to that of flow separation (the exceptional cases are when the tube is severely constricted along its entire length or when it is dilated along its length and no separation occurs), and we shall therefore neglect friction in our model.
As a increases beyond a constriction in the tube, fluid velocity must decrease and so there is a rise in pressure. This adverse pressure gradient, if it is sufficiently large, leads to boundary-layer separation from the tube wall. At high flow rates a turbulent jet is formed and the flow may remain separated as far as the downstream end of the collapsed tube. I n a case where there is no separation, there will be no energy dissipation and the equation of motion downstream of the constriction will be the same as that upstream, i.e.
titi-= --p"
If, when there is separation, the jet remains parallel-sided there will be no pressure recovery as the mean velocity decreases, so the equation of motion becomes 
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Downstream of a constriction in practice there is a widening of the jet accompanied by some pressure recovery. This suggests that the equation can be written in the form (2.4) 1 -= --p-
2,
x P where 0 < x < 1. We follow Cancelli & Pedley (1985) in taking x to be a constant (compare the Borda-Carnot condition for overall pressure recovery downstream of an orifice, equivalent to x = 0.18 for a 90% constriction) ; the precise value of x turns o u t to be unimportant. The point of separation should be determined as the place where the adverse pressure gradient exceeds a positive critical value, a little way downstream of the point where the cross-sectional area is smallest. For convenience we assume that separation occurs at the point of smallest area, consistent with the model of Smith & Duck (1980) for internal separated flow a t large Reynolds number.
Thus the equation of motion is taken to be (2.2) (i.e. (2.4) with x = 1) upstream of t,he narrowest point, and downstream of it when there is no separation, and (2.4) with 0 < x < 1 downstream when there is separation.
The tube law
The tube law is a relationship between transmural pressure and the local crosssectional area. In the absence of longitudinal tension or bending it is taken to be of the form where @, is the external pressure and P(K) = K , P(a) ; (2.5) K , is a constant proportional to the circumferential bending stiffness of the tube wall (Shapiro 19776) . With A. the unstretched (circular) area and k a constant, the following modified similarity law is used (again following Shapiro 1977 b) :
P ( a ) = see figure 2. The speed c" of propagation of small-amplitude waves when there is no mean flow is given by (2.8)
A -
2 = -p l ( K ) . P
Longitudinal tension
Local collapse of the tube is accompanied by longitudinal as well as transverse bending of the wall. If the tube is stretched longitudinally, as in most of the experiments, then the longitudinal tension will oppose this bending and will contribute to the transmural pressure. Following McClurken et al. (1981) , we recognize that the cross-section of the tube is very flattened when it is collapsed, and therefore approximate the tube as a pair of two-dimensional membranes whose spacing is proportional to the local cross-sectional area. The tube law is accordingly modified as --T
F-Fe
where 5" is the longitudinal tension per unit perimeter and R is the longitudinal radius of curvature. The expression for R used by Cancelli & Pedley (1985) contains nonlinear terms which we neglect on the assumption that the tube area varies slowly with 2, i.e. that 
A",
where Do is the diameter of the unstretched tube, so in this paper we take (2.11)
The assumption will be inaccurate where there is a large change in tube area over a short axial distance, for example when the constriction is very close to the junction with the downstream rigid tube. It is hoped, however, that the influence of this term is much less important than that of those nonlinearities included in the analysis. Reyn (1987) used a more accurate description of tube wall elasticity, which added considerable complication to the mathematical analysis, but did not lead to qualitative differences in the results.
McClurken et al. (1981) also discussed the effect of longitudinal bending stiffness on transmural pressure, but concluded that tension normally plays a more significant role. We therefore neglect the bending stiffness ; we assume also that any variations in T with Z may be neglected: this is reasonable provided changes in T with Z, brought about by longitudinal skin friction for example, are much smaller than T itself; this is consistent with the neglect of friction.
Boundary conditions
There are four boundary conditions to be applied to the fourth-order system formed by the above equations. D = 0 and 2 = L are the positions of the junctions of the segment of collapsible tube and the rigid tubes up-and downstream. Each rigid tube is assumed t o have cross-sectional area A",. Then two of the boundary conditions are 
(2.14)
where k, and k, are constants representing the properties of the constrictive valves upstream and downstream respectively. The downstream rigid tube is open to the atmosphere, and so (2.14) represents the pressure drop across the downstream constrictive valve (see figure 1) . Far upstream, water flows from a static reservoir a t pressure j 3 , into a rigid tube, down which there is a pressure drop due to the gain in momentum of the fluid and a further drop across the upstream valve, so that p(0) is given by (2.13).
Non-dimensionulizution
The following scales are used for non-dimensionalization : area A", ; pressure K , and 
Fully attached flow
In this section we neglect all energy dissipation within the collapsible segment, to identify the conditions under which steady flows can exist. I n a sense this merely repeats the analysis of Reyn (1987), but it is easier to interpret since the tube elasticity relation is much less complicated.
In non-dimensional variables, the mass and momentum conservation equations are These can both be integrated with respect to x: (3.10)
Defining another constant P , given by f has a minimum in 0 < a < 1 provided QQ2 < 1.
(3.14)
Since c2 = a 9 ' ( a ) = ga-i for 0 < a < 1, this means that the flow speed entering (or leaving) the tube is subcritical: u / c < 1 when a = 1. The minimum value is
say. f ( a ) is monotonic decreasing in 0 < a < 1 for supercritical entry flow, and is monotonic increasing in a > 1 provided Q2 < k. There is a second minimum a t a = (Q2/k)i if Q2 > k , where f takes the value
16)
We can examine the trajectories in the (a, ax)-phase plane of the solutions of (3.12). The system possesses singular points a t Y = 0 and at values of X such that f ( Q z ; X) = -P . We thus see from figure 3 that there are either no singular points, when -P is less than fdn, or two when -P > fmin (or one, when either -P = fmin or Q = 0). When there are two singular points, the one with the lower value of X is a centre Xc(Q,P) (since f'(X) < 0) and the other is a saddle point X,(Q,P). The functions X,(Q, P ) and X c ( Q , P ) are plotted as functions of P for three representative values of Q in figure 5. Typical phase planes are shown in figure 6 ; a complete, detailed discussion is given below.
Whenever the parameters (Q, P) take values for which X, and X, exist, we may Consider the trajectory in figure 6(c)(i) which passes from 1 to 2 to 3. It corresponds to a solution (shown in figure 7a ) for a tube which is collapsed at its mid-point, where the cross-sectional area takes an extremum value A . Likewise a distended tube, such as that in figure 7 ( b ) , is represented by the trajectory numbered 1, 2, 3 in figure 6(e)(i). (3, 4, 1, represents a collapsed tube.) It is convenient to associate particular solutions for given Q, P with the corresponding values of A .
Multiplying (3.12) by a, and integrating with respect to x gives:
where 1
A t a = A , a, = 0, so +a: = g(a)--(A). 
J -c --
Detween I ana me exwemum value A. 11 II K I, we rriay ueiiiie
is simply defined with the limits of integration reversed. Thus for a collapsed tube, ! $ corresponds to integrating the inverse square root of (3.21) along a trajectory from point 2 in figure 6(c) (i) ( X = A ) to point 3 (X = 1) which, by cmTmmetrx7 nnrrnannnda t n intewratinw alnnu half t h e lencrth nf t h e t n h e We t,hprpfnrp have h = I ( A ; Q , P ) . 
Whenever P < 0, we see from figure 5 that the phase plane contains two singular points, a centre X,(Q, P ) with X , < 1 and a saddle point X,(Q, P ) with X , > 1 ; such a phase plane is shown in figure 6(a)(i). Trajectories inside the closed, dotted loop (which passes through ( A l , 0) and ( 1 , O ) ) do not correspond to possible solutions since X $: 1 on them. Thus solutions for which the tube is collapsed are possible only for A < A , ; solutions in which the tube is distended are possible for 1 < A < X,. X = 1 when Y < 0 (L), so that, for example, trajectory 1, 2, 3 in figure S(c)(i) is denoted LU, whereas trajectory 1, 2, 3 in figure 6(e)(i) is represented by UL.)
As one might expect, whenever there is negative transmural pressure, solutions exist for all values of h with the tube distended (see the branch of figure 6(a)(ii) corresponding to UL trajectories). Interestingly, the solutions for A > 1 are not unique if h is sufficiently large (e.g. ULU and ULUL in figure 6aii): the model predicts that the tube may take up a configuration in which a has alternating extrema greater or less than 1 (the definition of I is here extended to allow repeated passage of a trajectory across the X-axis) ; such non-uniqueness was also found by Reyn (1987) . (To ensure that the pressure and its gradient are continuous at points along the tube where 01 = 1, at which the tube law has discontinuous gradient, azz must be continuous but a,,, is discontinuous.)
There are similar non-unique solutions with A < A , , as long as h is sufficiently large. More surprisingly, there is a collapsed solution with a < 1 everywhere (LU), as well as the expected distended one with a 2 1 everywhere, for sufficiently small A ; the flow corresponding to this collapsed state is highly suporcritical along most of the collapsed segment. This apparently anomalous solution no longer exists when allowance is made for energy loss (see $4 below). Thus solutions on the right-hand branch represent flow that is everywhere subcritical, while those on the left-hand branch correspond to flow that is subcritical on entry but supercritical a t the constriction. When P = 0 this right-hand branch coincides with the vertical line X, = 1. A cylindrical-tube solution emerges in this case for all tube lengths.
(c) 0 < Q < (3/2);, pt(Q) < P or (3/2); 6 Q < ki, 0 < P or ki < Q , PI(&) . . . 
Separated flow
In this discussion we shall determine how energy loss through flow separation affects the parameter values for which steady solutions exist, and we shall discuss the behaviour of these solutions. Since we are interested only in tubes that are constricted a t some point, we shall henceforth assume that P > 0 (except a t the end of $4.3).
The governing equations
Following the discussion of $2.1, the momentum equation for flow that separates downstream of a constriction is xuu, = -Px, where x = 1 upstream of the separation point (x = X,) and x is a constant, 0 < x < 1, downstream of it. In general the discontinuity in x causes a jump in the pressure gradient, as was the case in the calculations of Cancelli & Pedley (1985) who used the size of the adverse pressure gradient as the criterion determining the position of the separation point. However, since we are using a simplified criterion -that the separation point is the point a t which a takes its minimum area A , so that ax(X,) = u,(X,) = 0 -we in fact have a continuous pressure gradient a t x = X,. As a result, a, a,, a,, and axxx are continuous across the separation point.
Integration of the conservation equations (3.1) and (4.1) gives 
(4.4)
Using the boundary conditions a(0) = 1, a(h) = 1, P I = P e -P , say, PZ = P e -P , We see that the upstream trajectory is governed by equations identical to (4.10) except for an extra term
-( l -X ) w ( -& -+ ) .
(4.13)
Because this term depends on A , different upstream trajectories will be governed by different equations, so it is likely that they may cross one another (even away from any singular points.)
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We illustrate the effect of this term with an example. Take Q = 5.0, For X > A , the term (4.13) is negative and its effect is to bring the upstream trajectory which passes through (A,O) closer to the X-axis than its downstream counterpart. The influence of the term increases as X moves away from A and also as A decreases. Thus for A near 1, upstream and downstream trajectories are not qualitatively different ; as A decreases (e.g. see the dotted trajectory on figure 10a ) the corresponding upstream trajectories bend closer to the X-axis ; the upstream trajectory passing through A (dashed on figure 10a ) meets the X-axis at a saddle point a t ( X , 0), which for these values of Q and P happens to lie beyond X = 1 . As A decreases from A, the effect of (4.13) is progressively greater. Upstream trajectories form loops which become tighter as A becomes smaller. Figure 10 (a) shows the trajectory through A = A , , which passes through ( 1 , O ) . If A < A,, then all upstream trajectories form loops which start and finish in 0 < X < 1, making it impossible to satisfy the upstream boundary condition ( 4 . 5~) . (4.14)
For the parameter values of this example, I(A ; Q, P ) is not defined for all A in [0, 11 ; it has the form shown in figure 10 ( c ) . For A < A,, there are no trajectories that meet X = 1 twice, as required. Its branch representing a tube that is everywhere collapsed is bounded above b y l ( A , ) , so that for these parameter values there is no LU-solution for a tube of length greater than I ( A 1 ) . However, the branch representing tubes that are partially swollen and partially collapsed (ULU) tends to infinity as A +X-.
Explicitly, for a tube that is collapsed at some point along its length and held open a t both ends I is of the following form: 
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so that I , I, and therefore the separation point X , lies in the downstream half of the tube. As in $3, we may extend the definition of I to include situations in which the tube is dilated as well as collapsed a t some point along its length.
Properties of the phase plane
We now determine some characteristics of the phase plane in various regions of (Q, P)-parameter space. The essential results will be summarized in the next section, $4.3.
The downstream trajectories are easily dealt with. From the analogous results in $ 3 ((3.15) and (3.16)), we may define (for xQ2 < 2) and for xQ2 > k PYQ) = -f (xQ2 ; E)) , where f is given by (3.13). P = Pt(Q) is the curve (shown on figure 11;) beneath which downstream trajectories have a saddle point S,, say, and a centre C, in 0 < X < 1 (cf. figure 6bi ). Above this curve, and to the left of P = Pt(Q) (shown in figure llii), there are no singular points in the upper half of the phase plane.
For xQ2 > k and P < P I ( & ) , S, and C, both exist and are found in X > 1 (cf. downstream trajectory meet a t a downstream singular point, this is also an upstream singular point. There are therefore only three types of upstream singularity corresponding to a downstream saddle point S, or centre C, (or to the degenerate singularity (CS), formed when S, and C, coalesce): a centre C,, a saddle S, or a degenerate singularity (CS),. Corresponding to C, or (CS), we must always have C,, since (4.13) prevents any upstream trajectory from moving further away from the X-axis than its downstream counterpart. To determine which singularities correspond to S, for given (Q, P ) , and also to ascertain whether upstream saddle-point trajectories such as that through (x, 0) in the example above exist or not, it is helpful to take the following approach.
Upstream trajectories are governed by (4.11) with p ( A ) given by (4.8). For given ( Q , P), let A take some fixed value. This defines a particular p , and (4.11) in turn defines an entire half-plane of upstream trajectories. (Only one of these trajectoriesthat through ( A , 0) -corresponds to a possible tube configuration for these values of Q and P.) If F ( A ) is sufficiently large for there to be no singular points on this phase plane, then we can be sure the trajectory through (A,O) will be non-singular. However, if we have (say) Q < (3/2): and < Pt(Q) (defined as in (3.15)), then a centre a t figure 10a) . A solution of (4.22) then satisfies A = 2 (and correspondingly X = X s ( Q , P ( 2 ) ) ) .
So for given ( Q , P ) , knowing the behaviour of the functions
X , ( Q , P ( A ) ) -A , Xc(Q,&))-A, A , ( & , P ( A ) ) -A (4.23)
with respect to A will reveal the nature of the upstream half of the (a,a,)-phase plane.
X,, X , and A, as functions of A are parameterized by P (itself a function of A given by (4.8)_and plotted on figure 13 ) and are continuously defined for between -00 and 0, Pt, or P+i(1-x)Q2_(the asymptote of P as A -t c o ) , depending on the value of Q . In the lower limit P+-00, A+O, it is easily shown that X , and A, are proportional to A-' and A4 respectively, while (4.24)
Thus X , -A and A, -A both pass through zero when A = 0, but with positive and negative gradients respectively. At the upper limit of p , A takes a limiting value which we denote by A*, which may be finite or infinite. Three different types of behaviour may be described, as summarized on figure 14.
Type 1. 0 < P < P A for 0 < Q < (3/2)i, and 0 < P < Pc(&) for (lc/x)+ < &, where Type 2. PA(&) < P < P ( Q ) for Q < (3/2);, 0 < P < P ( Q ) for (3/2): < Q < (3/2~)', and max (0, P c ) < P < P*(Q) for ( k /~) i < Q . In this parameter regime the downstream singularities C, and s, are matched by two upstream centres C,. Note also Type 3; Pt(Q) < P for Q < (3/2~);, 0 < P for ( 3 / 2~) $ < Q < ( k /~) i , and P$(Q) < P for ( l c / x )~ < Q. An upstream saddle-point trajectory always exists. There are no singularities otherwise. Along the curve P = FB(Q) (see (3.25) and figure 11 ii), it is easily shown that K = 1. To its left 2 < 1, and for points to its right 2 > 1.
Finally, we may determine for which parameter values the upstream saddle point x corresponding to takes the value 1. First, it may easily be shown t8hat if (ii) Beneath P = P A ( & ) there is an upstream centre C, at C, and an upstream saddle point S , a t S,. Above it, but beneath P = Pt(Q), C, and C, are still coincident but another C, is found at S,.
(iii) For all ( Q , P ) above P = PA(&) there exists a saddle-point trajectory through (A, 0) (where A lies to the right of any singularities that may exist), which meets the X-axis a t an upstream saddle point (x, 0). Beneath P = Po((&), X < 1 and above it x> 1.
Labelling the five regions of the ( Q , P)-plane as shown on figure 11 (i), we may now look for solutions of (4.14).
A typical phase portrait is shown on figure 15 ( a ) (i) . We have C, at C, and S , a t S,. We now turn to the remainder of the (Q,P)-plane, where & > d (see figure liii) .
From $4.2, the phase plane has the following properties, much as before.
(i) Above P = PI(&), there are no downstream singularities. Beneath it, a centre C, and a saddle point S, are found in X > 1.
(ii) Beneath P = Pc(&) there is an upstream centre C, a t C, and a saddle point S , a t S,. Between O ) ) , to the value of A for which solutions that are a t some point constricted exist. However, for parameter values in this range the fully attached solutions that we obtained in $3 with the tube dilated along its length also exist (assuming that there is negligible separation a t x = 0). We show the (dotted) UL branch of I representing these solutions in figure 15 (d) (ii), corresponding to the UL branch in figure 6 ( e ) (ii) -see figure 6(e) (i) for the appropriate trajectories ; as before, these dilated solutions exist provided h > Imin.
The downstream centre C, and saddle point S , are matched by two upstream
centres. An upstream saddle-point trajectory lies to the right of S , in X > 1, so as far as solutions satisfying (4.5) are concerned, the behaviour is just as in case (f). See figures 15 ( e ) (i) and (ii).
The only difference between this case and case (9) is that S , is now matched by an upstream saddle point S,, but this has no effect on the behaviour of I which is the same as that shown in figure 15 ( e ) (ii).
Finally, mention must be made of the case P < 0. When there is no separation, it was found in $ 3 that, as well as the expected distended solution, there exists a surprising solution with the tube collapsed a t some point (see the curve LU in figure  6aii ). When separation is included in the calculation, the distended solution is obviously unaffected but the collapsed one vanishes. This is because all upstream
-
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0. E . Jensen and T . J . Pedley trajectories in A < A , bend over to meet the X-axis in X < 1 , making it impossible to satisfy the upstream boundary condition (4.5~).
Conclusions
We may draw the following conclusions. Beneath the curve P = Po ( figure 16 . For longer tubes, steady solutions are found which have a swelling just downstream of the opening of the tube as well as a constriction further downstream, a t which separation takes place. In the remaining regions of ( Q , P)-space (f, g and h), however, solutions for which separation occurs exist only for sufficiently short tubes. Again two types of configuration are then possible: for very short tubes (i.e. for A < I(Al)), a Q 1 everywhere bctween the end points; for longer tubes with I @ , ) < A < I(&), there is a bulge in the tube with a constriction further downstream. With h > I(Bl), for these parameter values a unique solution always exists in which the tube is dilated everywhere, so that no separation occurs.
Results
Fully attached flow
For a given dimensionless tube length A, the regions of ( Q , P ) parameter space for which solutions to h = I ( A ; Q , P ) (5.1) exist are as shown on figure 8. Beneath h = Im,JQ, P ) , two solutions exist with the elastic tube everywhere collapsed. I n some circumstances (e.g. for subcritical entry flow and small pressures -see figure Gbii) these two solutions may be explicitly associated with sub-and supercritical flows : the larger value of A corresponds to flow that is everywhere subcritical; the other root is small enough for the flow to be supercritical at the constriction. For increasing pressures and flow rates, the two roots gradually approach one another, the ' subcritical' one becoming smaller and the 'supercritical' one larger, until eventually the contour h = I, , , is reached; the roots are then equal and the tube may be said to be on the point of choking. There is no simple relationship between the flow velocity u and the wave speed c at this point because of the dispersive effect of longitudinal tension. Indeed, the dimensional tube length and the degree of tension, which are both incorporated in the parameter A , influence the pressures and flow rates at which choking will occur.
Between h = Z , , ,
and A = Imin (also plotted on figure 8), no solutions exist. However for all (Q, P ) to the right of h = Imin, the tube may take up a configuration in which it is dilated everywhere; for sufficiently large Q a variety of periodic solutions are also possible, with the collapsible segment alternately dilated and contracted along its length. Such configurations, which are also obtained when P < 0, were discussed in greater detail by Reyn (1987).
Separated $ow
Whereas in figure 8 we see a region of (Q, P)-space for which no solutions exist, the corresponding graph (figure 16) shows that solutions with either separated flow downstream of a constriction or a dilated configuration may be found for all Q, P > 0. However, only one fully collapsed solution for (&,P) beneath h =I@,) is found (the 'supercritical' solution of fully attached flow is never obtained). Correspondingly, no choking phenomenon occurs. Rather, as flow rate increases a bulge develops in the tube upstream of the constriction (see figure 17a, b ) , so that to the right of h = I @ , ) the tube is both dilated and contracted (figure 17c). 
Comparison with experiment
Whenever a solution of (5.1) exists with separation taking place downstream of a constriction, it is possible to calculate the pressure drop down the collapsible segment using (4.9) and thus to compare it with the corresponding flow rate.
There are two ways of presenting this relationship which have been favoured by experimentalists, and which can easily be reproduced by this model. The first approach is that taken by Brower & Scholten (1975) , Bonk & Ribreau (1978) and also by Bertram (1986): with p , -p 2 held constant, p l -p , is plotted against Q . Bertram' s experimental curves are reproduced in figure 18 (a) . Since he used a thickwalled tube for these measurements, good quantitative agreement between our (thinwalled) model and his results cannot be anticipated. It should also be remembered that p , and p , are not measured precisely at the ends of the collapsible segment, but at short distances up-and downstream of these points. is, the lower is the maximum pressure drop. This is counter to expectation -one would expect an increase in x to cause a reduction in pressure drop, as more pressure recovery is then allowed along the jet emerging from the constriction, but this is only observed for small flow rates when the tube is everywhere collapsed.)
The flow rate scales do not agree well, however : the whole of figure 18 ( a ) is modelled by the left-hand part of 18(b), with 0 < Q < 500 ml s-l, and so the predicted p,-p, us. Q curve has a much gentler slope in the predictions than in the experiments. Agreement with the experiments of Bonis & Ribreau (1978) is more encouraging, which is more understandable since they used a thinner-walled tube than Bertram. On their plot of the pressure-flow rate relations (figure 19a) they mark three regimes, bounded by the curves marked p , = p , and p , = p,. The former describes the points where the opposite walls of the tube just come into contact. In the region to the left of this curve, they report that the tube is collapsed along its entire length (e.g. figure 17a) , with the flow passing down the parallel lobes within the tube. It is in this region that frictional energy loss predominates over jet energy loss, and accordingly our theory (using exactly their parameter values, and x = 0.2) severely underestimates the measured pressure drop. I n the region adjacent to this, Bonis & Ribreau report the upstream half of the tube opening up more than the downstream half as the flow rate increases, which corresponds with our calculations (see figure 17 b). The boundary of the third region, on which P = 0, we mark on our diagram (figure 19b) with a dotted curve. Along this line the curvature of the tube wall a t the upstream end, !pzz(0), changes sign and for only slightly larger flow rates the tube is dilated in its upstream half and constricted further downstream, as in figure 17 (c) ; correspondingly, Bonis & Ribreau describe the tube as open for its entire length, except for a neck at the downstream end. The pressure dropflow rate curves in this third region are in excellent agreement (justifying our neglect of friction in this case) showing only weak resistance to flow. But this may be fortuitous: the tube shape when Q = 27 cm3/s, P = 30 cmH,O has the 'neck' in the tube restricted to the final 15% of its length, with the area changing from a = 0.1 to a = 1 over half this distance. Thus for these parameter values our assumption that area variations occur over long lengthscales is not justified, and the consistency of our results must be called into question. Unsteady behaviour is reported by Bonis & Ribreau to occur shortly after the 'corner ' in the curves, corresponding to Bertram's observations, and in this regime therefore they plot time-averaged quantities.
An alternative method of plotting pressure drop against flow rate is to fix the resistance in the downstream rigid tube, v , I~, and the external pressure, p,, so that as Q increases p,-p, = p , -q 2 Q 2 decreases. In this case we seek to compare the predictions with Conrad's (1969) experiments, for which parameter values were also given in $2.6, and for which some results are given in figure 20(a) . shown by the breaks in curves 1 4 in figure 20a) . Eventually, when Q 2 (pe/v2)+, the tube is everywhere dilated and the only mechanism of energy loss is then friction (so that Conrad measured a gentle rise in pressure drop with flow rate, which cannot be reproduced by our model).
We consider first the predictions corresponding to the greater wall thickness of h = 0.93 mm, in figure 20 (b) . The maximum dimensionless flow rate for curve 1 in this figure is 0.8, so that for all points along the curve the flow rate is small (i.e. it is always subcritical a t x: = 0, less than in either Bonis & Ribreau's or Bertram's experiments). Thus almost everywhere along the curve, p,-p, is sufficiently large for the tube to be greatly collapsed along its length, and even when Q approaches its maximum value, and p,-p, becomes quite small, the flow is not great enough for swelling to develop upstream (which Conrad reports in his experiments). Under these conditions, therefore, friction would be a very important cause of pressure drop, and may explain why we underestimate p,-p, by about a factor of four. (With x = 0.5 the difference is even greater, as would be expected for small flow rates.) Another cause of error is that when the elastic segment is greatly collapsed, a, is very large at the joins with the upstream and downstream rigid tubes, so that we fail to satisfy condition (2.12) and we are not justified in neglecting large nonlinear terms when approximating the longitudinal radius of curvature of the tube. However, the shape of the curves in figure 20(b) are qualitatively similar to those in figure 20(a) . If we consider predictions based on the smaller wall thickness of 0.093 mm, on the other hand (in figure ~O C ) , the shape of the curves is completely different, showing an extremely rapid rise in pressure drop at small flow rate, when the tube is highly collapsed, and unrealistically convex curves of decreasing pressure drop as Q increases. These curves look wrong, but in fact that maximum predicted pressure drop is quite well predicted, at least for curve 1. Moreover the tube shape corresponds more closely with experiments, with a bulge in the upstream part of the tube for points to the right of the asterisks in figure 20(c) , as observed. It is probable that we could achieve acceptable agreement with experiment by selecting a wall thickness somewhere between 0.93 and 0.093 mm, but there is no a priori justification for that.
Conclusions
The shortcomings of this model are numerous, but are not so severe as to prevent quite reasonable qualitative agreement between theory and experiment. Separation of the turbulent jet downstream of a constriction in the tube is shown to have a contribution to total energy loss that is substantial enough for major features of behaviour (such as negative flow resistance in the Conrad experiment) to be predicted. Obviously inclusion of wall friction in the model will be an important refinement ; however other improvements, such as a more realistic tube law, may not add greatly to our understanding, a t least of steady flow. Of particular interest in the
